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Abstract
We have proved that there exists at least 2091 mutually nonisomorphic symmetric (79,39,19)-
designs. In particular, 1896 of them admit an action of the nonabelian group of order 57, and
an additional 194 an action of the nonabelian group of order 39. c© 2001 Elsevier Science B.V.
All rights reserved.
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1. Introduction
An Hadamard design with 79 points is a symmetric (79; 39; 19)-design having 79
blocks, each incident with 39 points and each pair of points incident with 19 blocks. Its
existence has been known for a long time. Namely, the very well-known construction by
Paley proves the existence of a cyclic (79; 39; 19)-di<erence set (see [6]). There are only
a few other known constructions for designs with these parameters so far (see [7,8]).
(According to Mathon and Rosa [5], the number of such designs is ¿1.) It is clear
that 79 is the largest prime order automorphism that can act on a (79; 39; 19)-design.
It is an easy task, using results from [4], to prove the following:
Proposition 1. If an automorphism  of prime order acts on a symmetric (79; 39; 19)-
design; then o() ∈ {2; 3; 5; 13; 19; 79}.
It is our objective to construct (79; 39; 19)-designs which admit an action of non-
abelian groups of orders 39 or 57. Such groups are completely determined by their
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orders; we shall call them Frobenius groups and denote them by Frob39 or Frob57,
depending on the order of the group in question.
For design construction we shall use the by now well-known idea of a tactical
decomposition of the point and block sets. In this way one gets a partition of these
sets into orbits with respect to the action of the assumed automorphism group. For
further details the reader is referred to [1,2].
2. Designs admitting Frob39 as automorphism group
Proposition 2. If an automorphism  of order 13 acts on a symmetric (79; 39; 19)-
design; then it ;xes exactly one point and one block.
Proof. Denote the number of Gxed points of  – which is equal to the number of
Gxed blocks of  – by F(). By an known upper bound (see [4, p. 82]), it follows
that F() ∈ {1; 14; 27; 40}. If F() = 14, then each Gxed block should consist of 13
Gxed points and 2 orbits of length 13, intersecting any other Gxed block in 6 Gxed
points and one orbit of length 13. But then we get a contradiction, since any two Gxed
blocks would intersect in at least 12 Gxed points. The rest of the proof uses similar
arguments and is therefore left to the reader.
In this section, we shall denote by G a nonabelian group of order 39; we know that
G ∼= Frob39. Obviously, G is a semidirect product of Z13 and Z3.
Proposition 3. There are essentially only the following possibilities for the orbit
lengths of G on the point and on the block set of a symmetric (79; 39; 19)-
design:
1. [1; 13; 13; 13; 13; 13; 13]. Here; F(Z3) = 7.
2. [1; 39; 39]. Here; F(Z3) = 1.
Proof. It follows from Proposition 2 that the only possible orbit lengths are 1, 13
and 39. Case [1; 13; 13; 13; 39] is not possible because of the equations which each
orbit structure of a symmetric design has to satisfy (see [1]). The assertion follows
immediately.
Now, we shall describe the construction of designs admitting an action of G which
corresponds to the Grst type.
Proposition 4. If G acts on a symmetric (79; 39; 19)-design such that F(Z3)=7; then
we have the following two orbit structures:
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OS1 1 13 13 13 13 13 13
1 0 13 13 13 0 0 0
13 1 9 6 4 7 6 6
13 1 6 4 9 6 7 6
13 1 4 9 6 6 6 7
13 0 7 6 6 4 7 9
13 0 6 7 6 7 9 4
13 0 6 6 7 9 4 7
OS2 1 13 13 13 13 13 13
1 0 13 13 13 0 0 0
13 1 7 6 6 9 6 4
13 1 6 7 6 6 4 9
13 1 6 6 7 4 9 6
13 0 9 6 4 6 7 7
13 0 6 4 9 7 6 7
13 0 4 9 6 7 7 6
The coeIcients ir of both orbit structures, denoting the number of points from the
rth point orbit incident with every block from the ith block orbit, satisfy the additional
condition
ir ≡ 0; 1 (mod 3) (1)
as the permutation representation of some element of order 3 of G on an orbit of
length 13 is
(0)(1; 3; 9)(2; 6; 5)(4; 12; 10)(7; 8; 11): (2)
Using the fact that each block representative can be chosen in such a way that it is
kept Gxed by a given element of order 3 of G, we are able to prove the following:
Theorem 1. There are 194 mutually nonisomorphic symmetric (79; 39; 19)-designs ad-
mitting an action of the Frobenius group G of order 39 such that a subgroup of order
3 ;xes 7 points. Among these there are four designs the full automorphism group
AutD of each is isomorphic to G × Z3; while in all the other 190 cases AutD ∼= G.
Proof. We have both developed independently computer programmes to Gnd complete
sets of representatives for the block orbits and to determine which representatives Gt
together to yield designs. After eliminating isomorphic copies (using an element of
order 4 from the normalizer of G in 
13 and making use of the automorphism groups
of the orbit structures, which resulted in both cases to be isomorphic to Z3), we got 97
designs arising from OS1 and 97 from OS2 as well. In the case of each orbit structure
we got two designs the full automorphism groups of which contain G properly; it was
an easy task to determine their structures.
3. Designs admitting Frob57 as an automorphism group
In a similar way as Proposition 2 one can prove
Proposition 5. If an automorphism  of order 19 acts on a symmetric (79; 39; 19)-
design; then it ;xes exactly three points and three blocks.
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Let H be the nonabelian group of order 57; of course, H is then a semidirect product
of Z19 and Z3.
Proposition 6. If H acts on a symmetric (79; 39; 19)-design D; then the only possi-
bility for the orbit lengths of H on D is [1; 1; 1; 19; 19; 19; 19].
Proof. This follows immediately from the previous proposition and the fact that each
Gxed block must consist of one Gxed point and two orbits of length 19.
Proposition 7. If H acts on a symmetric (79; 39; 19)-design; then we have the follow-
ing three orbit structures:
OS1 1 1 1 19 19 19 19
1 1 0 0 19 19 0 0
1 0 1 0 19 0 19 0
1 0 0 1 19 0 0 19
19 1 1 1 9 9 9 9
19 1 0 0 9 9 10 10
19 0 1 0 9 10 9 10
19 0 0 1 9 10 10 9
OS2 1 1 1 19 19 19 19
1 1 0 0 19 19 0 0
1 0 1 0 19 0 19 0
1 0 0 1 19 0 0 19
19 1 1 0 9 9 9 10
19 1 0 1 9 9 10 9
19 0 1 1 9 10 9 9
19 0 0 0 9 10 10 10
OS3 1 1 1 19 19 19 19
1 1 0 0 19 19 0 0
1 0 1 0 19 0 19 0
1 0 0 1 0 19 19 0
19 1 1 1 9 9 9 9
19 1 0 0 9 9 10 10
19 0 1 0 9 10 9 10
19 0 0 1 10 9 9 10
Relation (1) for the coeIcients of the orbit structures may be assumed again, since
some element of order 3 of H acts on an orbit of length 19 as
(0)(1; 7; 11)(2; 14; 3)(4; 9; 6)(5; 16; 17)(8; 18; 12)(10; 13; 15): (3)
Theorem 2. There are 1896 mutually nonisomorphic symmetric (79; 39; 19)-designs
admitting an action of the Frobenius group H of order 57. The distribution of these
designs by the orders of their full automorphism groups is as follows: (1635; 57),
(192; 114), (21; 171), (39; 342) and (9; 1026). The structures of these groups are de-
termined by their orders: H; (Z19 × Z2)Z3; Z19 · Z9; (Z19 × Z2)Z9 and (Z19 × 
3)Z9;
here; Z9 acts always faithfully on Z19.
Proof. Using the fact that each block representative can be chosen as invariant under
a given element of order 3 of H , we got in case of each of the three orbit structures
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precisely 632 nonisomorphic designs. The computational methods for the construction
of the designs and the elimination of isomorphic copies are similar to those used for
Theorem 1. In addition, we have made use of the software nauty (see [3]).
Remark. Since Z13 and Z19 do not act simultaneously on the symmetric (79; 39; 19)-
designs considered here, all the designs constructed in this paper are mutually non-
isomorphic. Hence, together with the known Paley design, there are at least 2091
symmetric designs for the parameters (79; 39; 19).
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